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Monodomain model for cardiac electrophys

Monodomain model describes propagation of electric
potential V in heart muscles:

yC V' =V-6VV)=yl (V,z)  in Qx[0,T],

on

zg = 8(V, 2., 2g) in Q x [0,7T7],
Zg = N (VN2 — Z (V) in Q x [0,77,
+b.c.

With V the electric potential and z,, z the state
variables of the ionic model.

V: QX[0,T] - R
7z QX [0, T] - R™
z,: Q% [0,T] - R™
A total of N =1 + n; + n, state variables. In most
applications 10 < N < 50.

Total dofs = N - #meshdofs
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Monodomain model for cardiac electrophys

Monodomain model describes propagation of electric

potential V in heart muscles: — o PDE: diffusion + non stiff reaction
xCV' =V -(oVV)—xl, (V,2) in X [0,7], / _» o Non stiff system of coupled ODEs:
2z =8V, z,,2p) ?n Qx[07T], — 4y = g(Vizzp)
Zp = N J(V)(2Z, — 2 (V) in QX [0,77, ,
+b.c. Z}g,nl = gnl(V, Zes ZE)

e Very stiff system of “uncoupled” ODZE:s:
With V the electric potential and z,, z the state

variables of the ionic model. Zo1  =MV)NZ 1 — 2.1(V))
V: QX[0,T] - R :
z: Q% [0,T] — R™ Zen, = (V) (Zen, = Zoon,(V))
z,: QX [0,T] - R™ A (V)

A total of N =1 + n; + n, state variables. In most A(V) = :

applications 10 < N < 50. A, (V)

Total dofs = N - #meshdofs L - QX[0.T] » R
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Monodomain model for cardiac electrophys

After spatial discretization, we get the ODE system:

yC. V' =V . -(6VV)—=yl (V,2) in X [0,7], V =AV-1I_ (V,z;,12,),
2 =8V, z,, 25) in X [0,7T], — 2, = gp(V,Z2g,2,),
Ze = Ny(V)(2Z, — 2, o(V)) in £ X [0,7] z, = N(V)(Z,—12,,(V)).
v AV ~Lipn(Vs2p,2,)) (0 O 0 0
Zp | = ( 0 )+ g-(V,z2,2z,) |+|0 0 O 0
Z, 0 0 0 0 AW))\z,—2z, (V)

\\ ADO = o)
/ Very stiff, but “linear” and

With y = (V,zg,2,): y’ — fl(y) + f E(y) + fe(y) .................................. » |diagonal.

e = exponential

Standard linear Very expensive and highly
diffusion term. non linear, but non stiff.

I = implicit E = explicit
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The standard way of solving it: IMEX-RL

In most applications it is solved with a splitting e Order p =1 scheme.

method based on:
e The severe stiffness of f, is smoothed out thanks to

e IMEX scheme for the parabolic part, P

e Rush—Larsen scheme for the ionic model. e Stiffness from diffusion is dealt by the implicit
Fuler method.

e The exponential term is relatively cheap to

Basically, it’s a festival of Eul h : . .
asically, 1t's a festival ot fuler schemes evaluate due to its diagonal form.

1 _ .
Loy =y, + AL G (AIA(,) [(y,), (exponential Euler) e Higher order methods (up to three?) exist but with

2. y* =yl + At f.(yH, (explicit Euler) increasing complexity for compensating the

; . 3 . o splitting errors.
3. y' =y + At f;,(y°), (implicit Euler)

. e This is the most used approach, due to robustness
Va1 =V and simplicity.
<
where ¢(z) = . e Let us design a PinT method based on this.
<
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Spectral Deferred Correction (SDC)

Consider equation: y' = f(y) = f;(y) + fz(y) +1.(») SDC1: Solves the discrete system iteratively:
Collocation methods: Start from the i) Initial guess y,,
approximation

t t ii) Error: 6, =y, — y,
fy(s))ds = yy + [ Z CA)f(y(2))ds iii) Residual €, =y, — y, — (),
0 ;=1

y() =Yy + J
0

iv) Derive error equation o, = €, + I(y + 0); — I(})..

And solve the discrete system: ) b = &+l +0) = 1)
Solve error equation approximatively: with y, = y. + ¢,

yi=Yo+ At ) ayf(y) i=1...m

= B = 9+ A Y 55 () +5) +£.G))
= Yo + 1(y); =1
With + A1 (1) +1e5) + 9(AIAG)) £.5))

@ = J Lods, ) =AY, ayfy). =44 (iFin) + 150 + @(AIAG) 1.50)
j=1

0
i.e. standard SI-SDC plus the exponential term.

IDutt, A., Greengard, L., & Rokhlin, V. (2000). Spectral deferred correction methods for ordinary differential equations. BIT Numerical Mathematics, 40(2),
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Stability of SDC coupled with IMEX-RL

For the time being, we only want to check whether the SDC+IMEX-RL sweeps converge or not.

Computational setup:

e Time discretization in pySDCL,

e Radau IIA nodes, m = 3,

e Sweep till convergence.

e (Consider three ionic models with increasing f, stifiness:
 Hodgkin-Huxley (HH), 4 vars.
 Courtemanche-Ramirez-Nattel (CRN), 20 vars,
¢ Ten Tusscher-Panfilov (T'TP), 19 vars.

e Different step sizes.

Stiffness SDC+-IMEX-RL
P, | Ar=0.1|Ar=0.05At=0.01
HH 55 v & v
CRN | 130 (X X &
TTP | 1000 (X X X

& — Converged

Q — Unstable

Serial IMEX-RL is stable for all those
combinations!

ISpeck, R. (2019). Algorithm 997: PysDC—prototyping spectral deferred correcgions. ACM Transactions on Mathematical Software, 45i3i.
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Stability analysis

e We solve the test equation y' = A;y + Ay + 4,y

e With Ar=1

e And display the stability domain for fixed 4, = — 1:
S={(4A4) € R*: [y(1)| < 1}

e Considering different combinations of

4+ Number of collocation nodes,

4+ Number of levels in MLSDC,
4+ Number of parallel time steps in PFASST.

e We set the maximal number of sweeps/iterations to 5.
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Stability analysis - SDC

Fix Ap = — 1 and let vary 4, 4, in [—1000,100]. Let m be the number of collocation nodes.

TTP = 3 HH m=5
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€

€

= SDC+IMEX-RL is stable only if the Laplacian is stiffer than the ionic model.
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Stability analysis - SDC

A rough explanation:

Vigr = Vit Atzsij </115}j /IEj}j le?j) At (/119141 AEY; qﬂ(At/le)/lej\;i)_Ati (/115}141 AEY; Cﬂ(At/Wi)/leyi)
j=1

D=0 —= At 9, + Atz i (z,yj + Agy; + Aey]) + AL (Agd; + p(ARA)AD;) — At (45141 + AEY; + ¢(AIAF)A,T;)
j=1

Therefore we have terms

(1—-At)'Ath, and (1 — Atd) 'AA,

Stable for any 4, Stable if |4, < |4;]

11
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Stability analysis - MLSDC and PFASST

Fix Az = — 1 and let vary 4, 4, in [—1000,100]. Let m be the number of collocation nodes.

MLSDC with m = 5,3 4 steps of PFASST with m = 35,3
v v

- ()
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A A

-—1000

€ €

Seems that stability is independent of number of levels and parallel steps.
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Exponential Spectral Deferred Correction (

Consider equation:
Y =) =Ay+ N@y).

SDC is based on collocation methods. Hence, on ESDC! is based on exponential Runge-Kutta methods.
Picard tformula: Hence, on variation-of-constants formula:
[ [
(1) =Y+ J J(y(s))ds y(#) =y + J "IN Ayy + N(y(s))ds
0 0
and its discretization and its discretization
y,-=yO+Atz a;f(y) 1=1,.,m, yi=yO+Atz a, (AN (Ayy+ N(y)) 1=1,....,m,
j=1 j=1
with with
a;; = J £{(s)ds € R a;(AtA) = J eI (s)ds € R
0 0

1Buvoli, T. (2020). A class of exponential integrators based on spectral deferred correction. SIAM Journal on Scientific Computing, 42(1), A1-A27.
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ESDC for monodomain equation

o Write
Y =H0) + () + 1)
= 1) +f5() + A = ¥ (1))
= A,y + 1) + f5(0) + A — Yo () — A,y
t /(y - Nzy) J
e Since
[0 0 0 ] g *
A=Ay,)=100 0 | fz(y)=<0>, fE(y)=(*>
0 0 A(V) 0 0
Then
a; 0 0
a;(AtA) =] 0 a; 0
0 0 aiAtA(V))
And

ai(AIN) [(v) = a;; 10, ay(BIA) Je(y) = ay; fe(y)),
hence f, fr terms are integrated with the standard SDC method, while f, with ESDC.
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Checking for convergence in ESDC iteratio

Stiffness| IMEX-RL + ESDC ® — Converged
12, At = 0.1 | At =0.05 At = 0.01
HH 55 & V) V)
CRN 130 V) V) V)
TTP 1000 V) V) &

When computing residuals, ESDC treats the ionic model f, variables exponentially. This is the main difference
with respect to SDC.

SDC residual given by ESDC residual given by

[

y(&) = yy+ J eI (Ay, + N(y(s)))ds

0

Y1) = yo + J J(y(s))ds
0

15
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Stability analysis - ESDC
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Exponential terms are stable independently of the Laplacian.
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Stability analysis - MLESDC and PFASST

Fix Az = — 1 and let vary 4, 4, in [—1000,100]. Let m be the number of collocation nodes.

MLESDC with m = 35,3 4 steps of PFASST with m = 35,3
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Again stability seems to not depend on number of levels or parallel steps.

17

G. Rosilho de Souza



Convergence experiments

Solve Monodomain equation with
e T'TP ionic model (stiffest one),
e ESDC with one or two levels,

e Check expected order of convergence, as function of iteration number k.

One level, m = 4. Two levels, with space-time coarsening, m = 4,2.
At VS L?-norm rel. err. At VS L*-norm rel. err.
- - a”’ )
S, S, ’,a’ .
2 EU I s
< = g Z v
— < / k‘ —
@) @) .
= =10~°- NS -= O(AP)
C’\]q C'\]q ‘/ — 4
P O(AL4)
0.0 0.1 0.5
At
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PFASST: iterations to convergence

Number of iterations VS Number of processors

e T'TP ionic model,
e 1D problem with fine spatial mesh: Ax = 0.05 mm.

e Time coarsening only.

Two levels: m = 6,4

#ranks VS avg #iterations

Three levels: m = 6,4,2
#ranks VS avg #iterations

T'ypical solution

L~ | =©— At=0.025 L~ | =& At=0.025
.530- At = 0.05 530— At = 0.05 N
= —== At =0.1 = —== At =0.1 =
=20- == At=0.2 =20~ == At =02 =l Propagating wave
RS = (p—p—p—brt ~
501 ()- - 501 ()- 60 1 Very steep tront
< & < =T B
0 ' l l l l 0 M ' ' ' -89 | 20 40 60 80 -
1 4 16 64 256 1024 1 4 16 64 256 1024 0 100
#ranks #ranks x [mm]
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PFASST: iterations to convergence

Number of iterations VS Number of processors

e T'TP ionic model,

e 2D problem with standard mesh size: Ax = 0.2 mm.

e Time coarsening only.

Two levels: m = 6,4

#ranks VS avg #iterations

20
. | == At=0.025
=15- At = 0.05
= —== At =10.1
S10q =B— At=0.2
-:H*: [
=0 5+ —X
° W

0

1 2 4 8
#ranks

16 32 64 128

Three levels: m = 6.,4,2
+#ranks VS avg #iterations

DO
-

Mo Af—

. iz;g'gf } standard
—== At=0.1 1
S Ar—q2 AT

avg #iterations
el
<

5_
1 2 4 8 16 32 64 128
#ranks

20

y |[mm]

100

80 -

60

40 -

20 A

0 -

Typical solution

0

b

Steep front

" 9
5
'-

V |mV]|

20 40 60 80 100

X |[mm]
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PFASST: iterations to convergence

Number of iterations VS Number of processors

e T'TP ionic model,

e 1D problem with fine spatial mesh: Ax = 0.05 mm.

e Transfer operator: via FF'T.

Two levels: m = 6,3,

Time coarsening

#ranks VS avg #iterations

20 — >
. | == At =0.025
515— At = 0.05
= —== At=0.1
S1H =B— At=0.2
F*= |
o0 5_
=

-

1 4 16 64 256 1024

#ranks

Two levels: m = 6,3,

Space-Time coarsening
#ranks VS avg #iterations

20 — =V i
_|l=e= At=0.025
515- At = 0.05
= —== At =0.1
S1H =B— At=0.2
* =
o0 K- e—ej
z

-

1 4 16 64 256 1024

#ranks
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PFASST: iterations to convergence

Number of iterations VS Number of processors

e T'TP ionic model,

e 1D problem with very fine spatial mesh: Ax = 0.0125 mm.

e Transfer operator: via FF'T.

Two levels: m = 6,3,

Time coarsening

#ranks VS avg #iterations

—-= At = 0.025 ,IZHZ
At = 0.05

—-t== At =10.1
[ =p=— At=0.2

DO
-

—_
h

avg Fiterations
.
<

i

-

1 4 16 64 256 1024

#ranks

Two levels: m = 6,3,

Space-Time coarsening
#ranks VS avg #iterations

avg Fiterations
— — DO
R A

i

- At = 0.025'/

At = 0.05
== At =0.1
| == At =0.2

e-e—e’@/

-

1 4 16 64
#ranks
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