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Monodomain equation

Spatially discretized monodomain equation:
V/ — AV - IlOl’l(V’ Zd’ Zg),
z, = 8,V,2,1,),
L= A (V)(z, — 7, (V)
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Monodomain equation

Spatially discretized monodomain equation:

Vi=AV — Iion(Va Zaa Zg)a V' AV _Iion(V’ Z, Zg) 0O O 0 0
z,=8,V,2,1,), — Z, | = ( 0 > +| g(V.z,z) |+[0 0 O 0
/o Z 0 0 0 A (V) Z, — 1 ,oo(V)
L= A (V)2 — 2, (V) : 0 A
With y = (V, z_, Zg) and
AV ~Lion(V. 2, Z,) 0 0 0 0
Ji(y) = ( 0 ) JEO) =1 g.V,z,2,) L0 =AM -y, =0 0 0 0
0 . 0 0 AWz, -2, (V)

We get the ODE:

Y =HO) + () +1,(v)
i



Hybrid Spectral Deferred Correction

Consider yields system:

/— M
Y I AT+ ) Voi = Yo+ ALY a( AN, ). i= 1. M,
with y(z,) =y, and f,(y) = AY)(Y — y,(¥))- Then j=1

C

=AY =) +80). ) = J

0
Recall y = (V,z,,z,) and

AR (s)ds .

Applying variation of constants:

t 0 O 0
y(#) =y, + J e~ (y(s))ds - Ay)=|00 0o |
by 0 0 AV,)
Replace g(y(s)) with interpolating polynomial s
M
g() & D’ 8, NELS). a;(0) 0 0
j=! a(AA(p,) =] 0 a;(0) X
with 0 < ¢y < ... < ¢y = 1 collocation nodes and
I M 0 0 alj(AtAg(Vn))
Yo.j R Y(t, + Atc)), ;
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Hybrid Spectral Deferred Correction

System C is defined by an exponential collocation method on
the collocation nodes:

M
Vi = Yo+ ALY @ (AIAGIEG,)s i = 1o M, /\ _
, , «— yl’l,

is compactly written e — : >‘yn,M = Yn+1
(I - ATA(AIAG)G)(Y,) = 1® . 09— Cy v cy =1
Cly,) =18y, We define P by sequential application of IMEX-Rush-
with y, = (V1> --+» Yuar)s A matrix of a;;, and G vector Larsen:
) g(yn’J) " - Yng1 — Yn,2 — y, 3
Instead of Newton, SDC approach uses preconditioned y, YTV = Vil

fixed point iteration:
P(yy™") = P(yy) +1® 1y, — C(y)),
with P =~ C but “easy”.

Exact operator C is hybrid exponential-collocation.

Preconditioner P is IMEX-Rush-Larsen.
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Parallel-in-Time: PFASST Recipe

A sequence of P consecutive steps is given by:

Clyp) = 1® yy, Cyp=1& Yo.m Cly,)=1® Y1.m Clyp)=1® Yp—2.M

tO tl t2 t3 oooooo tP_ 1 tP

which is written: D(z) = b,
Wlth 1 = (yO, ceeo yP—1)7 b — (1 ® yo,(),,()) and
D = diag(C, ...,C) — H.

Where H is the matrix taking the last node value of a
step to be used as initial value in the next one.

The system is again solved with preconditioned fixed
point

Q(z*") = Q(z“) + b — D(z")
and two preconditioners are available:

Q“" = diag(P,...,P) — H, QP = diag(P, ..., P).
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Parallel-in-Time: PFASST Recipe

A sequence of P consecutive steps is given by:

Clyp) = 1® yy, Cyp=1& Yo.m Cly,)=1® Y1.m Clyp)=1® Yp—2.M
tO tl tz t3 ...... tP—l Z'P
which is written: D(z) = b, Adding nonlinear multigrid:
with z = (yg, ....,¥p_1), b= (1 ® y,,0....,0) and Y Q*(z*") = QP (z) + b — D(z")
D = diag(C, ...,C) — H. i

plus 7 and coarse

C] Cy C3 C4 C5 C - -
15253 %4 %5°%6 grid corrections

Where H is the matrix taking the last node value of a

step to be used as initial value in the next one. — —
/S /S S LS

The system is again solved with preconditioned fixed SAAAS Qr(z*") = Q*(z") + b — D(z")
c, ¢ C3 4
Q") = Q(z") + b — D(z")
and two preconditioners are available: yayavi

Qser(zk+1) — Qser(zk) +b— D(Zk)

Qsel’ — dlag(P, cees P) — H, QPC”” — dlag(P, ey P) L / /Cl/

)



Convergence experiments: Serial setting @ I

Initial Value

Solve Monodomain equation with Q = [0,100] X [0,100]mm?, T = 1ms, Ax = 0.2mm, 100

4+ ten Tusscher-Panfilov (smoothed), 4 Coarsening in time only. -
£ 50
e P =1 serial steps, e P =1 serial steps, =
o L = 1 multigrid levels, o [ =2 multigrid levels, 0
0 50 100
e M = 6 collocation nodes. o M =472 collocation nodes. z [mm]
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1. Radau has order 2M — 1, but exponential collocation has order M + 1. °



Convergence experiments: Parallel setting

Similar problem as before, but = [0,100]Jmm and 7 = 16ms.

e P=1,4,16,64 parallel steps, e P = T/At (whole interval in parallel),
o L =2 multigrid levels, o L =2 multigrid levels,
o M = 6,3 collocation nodes. o M = 6,3 collocation nodes.

QS oY v
|
S = s
= O

S
e B

ERLIY

2_norm rel. err.

L?-norm rel. err.
(-
S
X
]

10~7-

G. Rosilho de Souza



P and Ar VS Iterations @ I

Check how number of iterations is affected by: e number of processors P,

e step size At.

—= At = 0.0125 = At =0.025 == At =0.05 == At=0.1 e At = ().2

16 64 256 1024
P

L =3, with M =8.4,2.

Average number of iterations versus number of processors, for different step sizes.
Shaded areas represent standard deviation.
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Iterations and residuals over time @ I

Monodomain with At = 0.05ms, up to T = 256Ar = 12.8ms.

Compare the residuals and iterations of serial single-level and multilevel-methods and a parallel method.

——= P=1,M=8 == P=1 M=84 == P=256 M =284
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(b) Iterations needed for convergence over time.
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