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Boundary Integral Equations

Let Q € R? a domain and its boundary I" = dQ be Let u be any solution to
as one of:

—Au=0 1in Q.
I

The Green representation formula gives

u(x) = J' G(x, y)@nu(y)dsy
r

—J d,G(x, y)u(y)dsy x € Q,
r

@ (2 with u(y) the Dirichlet, d u(y) the Neumann data,

and G(x,y) is the fundamental solution.
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Collocation Boundary Integral Method

Taking the trace yields Discretize I in M points x;
1 I
U="70adu-— (%—El)u on I (1)
with
YV p(x) = J G(x. v)p(y)ds.. el and impose (2) on x; only
I

Vou(x) = (K+-Du(x) Vj.

Fp(x) = J 0,G(x, y)p(y)ds,, xel
I Withueoeu e du, Vo7, Ko A

the single and double layer potentials. 1
Rearranging (1): Va = (K+3)u

~ _ yr—1 l
Vou=(H+~Du, on T. (2) u=Fq, Pg=V"(Kk+7)
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Discretization of the EMI model with BEM

We solve model Discretization is done in three steps:
—oAu; =0, n £; 1=0,..., N, 1. Space discretization via BEM:
60,4 = Cp 24 LV, 2), onT,, i=1...N,
1V a. Requires single, double layer operators V, K
— 00,1y = — Cpy——— 1oy (V. 2), on Iy, in every subdomain and Dirichlet to
u,—uy=V,, onl;g i=1,.,N, Neumann map Pg = v-I(K ;I).
dz .
7, = 8V 2, ot o b. Evaluation of projections to subdomains
—0,0,U; = k(u; — u;), onl,; 1<j,i<N, A, B;.
2. Maps y; that given V, return the fluxes —o,0,u;
e I, Q3 Iy 3. Transform the DAE into ODE.
0 Iy & rh, Q
I
=0 1—‘4,2 Q4 F40
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Discretization of the EMI model with BEM

We solve model Discretization is done in three steps:

_GlAul:O’ 1I1 Ql i:O,...,N, 1

dv,
—Glanbtl — Cm 47 : IiOIl(Vm’ Z),

Space discretization via BEM:

a. Requires single, double layer operators V, K

v,
— 00,1y = — Cpy——— 1oy (V. 2), on I', in every subdomain and Dirichlet to
u,—uy=V,, | onl;g i=1,.,N, Neumann map Pg = v-I(K ;I).
L D
a7 ° Vi 2). ol Lo, b. Evaluation of projections to subdomains

—0;0,U; = K(u; — u;), onl,; 1<j,i<N, A, B;.

2. Maps y; that given V, return the fluxes —o,0,u;

Transform the DAE into ODE.
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Reduction to an ODE system

Employing P, A, B;, y; we obtain:

l

Theorem: the ODE system.

The spatially discretized Cell-by-Cell model is equivalent to the ODE system

dV 4
W(Vm) — Cm d tm Iion(Vm9 Z) Ol 1—1()9 WQ'%
dz ST -
— =8(V,,2) on [, ¥
dt " L Q>
with w(V )= A4 _solution to % $a
Qv
o o 1 o b Von Q@ W >
Fooo Foo—k1 AGIIA =1| 0 QQ»\
G'A] GTA] o |\p 0 .
g S
QR

G. Rosilho de Souza



. —0;Au; = 0, in .
Reduction to an ODE system av
—oo u =C, — —+1_ (V. ,2), on I,
Employing Pq, A;, B, yw; we obtain: — 000, Up = Cm 1 tm Lion (Vs 2), on Iy,
ui — MO — Vm, oIl Fi,o
d
Theorem: the ODE system. « d—f =g(V ,2), on I,
| _
The spatially discretized Cell-by-Cell model is equivalel 00ty = K(t; = ), > Liy
dV
W(Vm) — Cm 10n(Vm’ Z) Ol 1—1()9 Q&
dt Vv
Q‘b
dz S
P gV, 2) on I'y, é
with w(V,) = 4 solution to Y Qp@»
QY
Fo Fo—x'1 AG[|2,]=] o S
G'A]  GTA] 0 |8 0 Q
Y
QR
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CV vs Ax, Af

Consider an array of 2 X 30 cells of length ¢; = 100um and width ¢, = 20um
—F—F—F—F—F—F F—F—F—F—F—FF—F—FTF T —F—F—F—F—F
I I R N — I — I I R R —

\ Stimulate 1ms Monsure C'V

CV relative error with sign

100

e Large Ax = 15um vyield small errors 2 %,

e Large At = 100us = 0.1ms yield errors 4 % .
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Transversal Conduction Velocity study

Here simulate block of 30x1 cells and study transversal CV dependence on gap junctions:
® shape,

® size,

® position.

Centered PCs

N Segment:
_(230 97;+1 S '

A,
| : ! (2 Wayve: —/\/—
| . ' N\
_— )
5 Alternating PCs Squared Wave: J_|_‘—
() (2
1 141 .
+ Squared Wave OP: _,_\_I_ ]:CL
2 2 —[—
_/\/

G. Rosilho de Souza



Universita
della
Svizzera
italiana

‘N~ -~ Lr - Lr

—k— Wave —&— Squared Wave —— Squared Wave OP Segment

Centered, ¢ = 1 pm Centered, [ = 10 pm Centered, [/a = 2.5
Centered PCs 10 * s * — 1F * T
A~ - &L 10 i
Qi1 0% F /*/ 1F 1F -
N § # 1L 1 -
£, 10" b & E m - E
- E /54/@/9—6 - O,e_e-e-e-ee.e_&e - i
E | | = N E | | 1B | I
5 10 15 0 2 4 0 20 40
Alternating, a = 1 pm Alternating, [ = 10 pm Alternating, [/a = 2.5
Alternating PCs 039 | | | | | | | | |
—\ 0.3 |- s s -
Q’i—l—l */*/*
TN 0.25 |- T L L -
(2;
—\v 0.2 | = = -
0.15 | | | | | | | | |
5 10 15 0 2 4 0 20 40
Length [pm)] Amplitude [pm] Area [pm]
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Randomly positioned gap junctions

|Squa|,red \|7Vave|

Sor[uare|d We|we O|P

150 |-

100 |~
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0.3 0.4 0.5

0.2 03 04 0.5

Distribution of transversal CV for randomly positioned gap junctions.
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CV for randomly deactivated gap junctions

We consider here:

e Array of 20x20 cells,

Average CV [ms™']

‘ 5| | | | | | | —%— Longitudinal
[ _ StlmUIUS at IOWGI left COl”IleI’, o “‘\\ —A— Transversal
g —— Diagonal

® Transversal gap junctions are “segment” and S

randomly placed, 1| & -
e Randomly deactivate transversal gap junctions X

(mimic fibrosis) with probability P. bt A s

0 - o—08—0
| | | | | |

e Study how P affects CV. 0% 20% 40% 60% 80% 100%

Percentage Removed PCs
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Conclusion

e Relatively accurate even for large mesh sizes Ax = 15um and step sizes At = 0.1ms, with <5% error.

® The gap junction’s position strongly affects transversal velocity, more than shape.
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Thank you!
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Back up slides




The MICROCARD Project

“MICROCARD 1is a European research project to

build software that can simulate cardiac
electrophysiology using whole-heart models with
sub-cellular resolution, on future exascale

supercomputers.”

macrocard. ey

e d AV 4y,
DY
g; y W 2:7?(
’VA§§:‘E Yo

N MICROCARD

To do so, we solve the cell-by-cell model

—o0;Au; = 0, m € i=0,..,N,
—o0u, = I1(V ,2), onl;, i=1,..,N,
—o0y0,uy = — L(V,,2), on I,
u,—uy=1V,, onl;y 1=1,.,N,
dz
T g(V.,2), on I,
—0,0,U; = K(u; — uy), onl;;, 1<j,i<N,

With £V, 2) = G + (V0 2

14
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Boundary Integral Equations

Let Q c R? a domain and its boundary I = 0Q be Let u be any solution to
as one of:

r —Au=0 1n Q.

The Green representation formula gives

u(x) = J G(x, y)dnu(y)dsy
r

—[ d,G(x, y)u(y)dsy x € Q,
r

Q
@ with u(y) the Dirichlet and 6yu(y) the
Neumann data, and G(x,y) is the

fundamental solution.
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Collocation Boundary Integral Method

Taking the trace yields Discretize I in M points x;
[
u=70ou—(F—>hHu on T (1)
with
7px) = J G(x, y)p(y)ds,, x €T, and impose (2) on x; only
r

Vo,u(x) = (K+>Du(x) Vj
Fpx) = J 0,G(x, y)p(y)ds,, x €l

r We represent u, 0, u with trigonometric
the single and double layer potentials. Lagrangian basis Li(x), with Lj(x;) = 0y
Rearranging (1): M M

0. U = VL., u= w'L.
7ou= (X +%I w, on I'. (2) " ]:21 / J:Zl /
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Collocation Boundary Integral Method

deu(xj) = (A + %I Julx;) Vj Henceforth on the boundary I:
M M
. . u—u ou— P
0, U = Z WL, u= Z L, " °
j=1 j=1 Fun facts:

Matrix formulation . .
® P 1s symmetric,

Vit = (K+5Du, i =P @ .
e Lor and it 1s singular

with

with
PS=V‘1(K+%I) Pe =0, e=(1,....D".
the Poincaré-Steklow operator (or Dirichlet- OQ
to-Neumann map). e For it is invertible due to decaying

conditions, which fix the constant.
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Model reformulation

F3,2 Q3
Consider a problem with N cells €2, 0 Iy Q r,, 9
1= 1,...,N and unbounded extracellular T
. . 2,0 I'so Q, T
matrix €2, with boundary I': +0
_GZAMZ=O, 1I1 Ql i=0,...,N, _GlAul=O, 1I1 Ql i=O,...,N,
_Glanul — II(VWP Z), Oll FZ,O 1 = 1,...,N, Goanuo — If(V’ Z), oIl Fo,
—000, Uy = — 1 [ d
00 nuo t(Vm’ Z)a oI 0° | —Z — g(V, Z), o1 FO’
U, — =V, onI;, i=1,.,N, dr?
dz 0,0,u; + 0,0,u; = 0, onl;; 0<j<i<N,
d_t — g(Vm, Z)a on FOa U, — uj — V, on Fi,j 0 < ] <i< N,

. dv
with I(V ,2)=C, T L. (V . 72).
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Model discretisation

F F3,2 Q3
Discretize the skeleton I" with M points. @ oo 1 o 20
Every domain’s boundary I'; = 0€2, has M, S 2T
points L2 I'so Q, T
' ’ 4 Lao
Recall: 0 u — Pqu, u— u.
2) 1I1 Ql i=0,...,N, _GlAul=O, lIl Ql i=O,...,N,
GOP&OIIO — II(V’ Z), oI ro, Goanuo — It(V’ Z), onn Fo,
dZ « dZ
— = 9(V, 2), I, — = g(V, 2), on I,
1 g(V,z) onl, 17 g(V,2) 0

Now, we need to define some restriction I' — I'; and extension I'; = I" operators.
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(zlobal to local operators

The boolean connectivity matrix A, : RY — RM: maps a global vector on I" to a local vector
on I';. The transpose A, maps local to global.

Q o’ 4 [ o 4
0 L Q A, .
® © o o 0 0 50 0 0 o o y S

.o Ql .0 Q2 . o o /——\‘ ‘0 Q2 . o s o

“.....Q......" “ Q4 .. ......... .‘
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(lobal to local operators with sign change

The signed boolean connectivity matrix B, : RY — R maps a global vector on I" to a local
vector on I'.. A sign change occurs if the neighbouring domain has higher index.

P Y, 5, B | Sl —
f o [J o —_— ) o
noooooooooo.." ’.052400..0 o o o o
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Model discretisation

1—132 Qg
: .. I ’
We transpose the equations below, living Q . o . o 2,0
on I';; and I'y, to the global domain I bR 2,1 2
| FZO I Q
’ 4,2 4 F4,O
%, n Qi | = O,...,N, GOPS,OuO — It(ona Z) c RMO — FO

60PS,OuO — Il‘(V’ Z), o1l ro, dZ (A V ) RM F
—_— g oV y / & 0 — 0

d
2 gV,  onl, di

N
o,Ps; + UjPSilij =0, onl;;, 0<j<i<N, 2 UiAiTPS,i“i = 0 ceRM =TT
w—u; =V, onT,; 0<j<i<N, -
6:Ps 1. — 6;P u; = 2KV, onl;; 1<j<i<N, Y Blu;=V eRM =T
N (=0
With A, the operator from I" to the gap junctions. g oAB; Py = = ANV €R%=T,
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Reduction to a DAE system

dz Iy

d?
N
=0
N
=0
N
=0

23

Goal: Find maps
w1, Ve Ul-PSJ-lll-,

where u; satisfies

N N
i=0 (=0

We obtain the DAE:
wo(V) = L(A)V, 2) on I,

dz A )
— = V.z on I,
17 8\ 0

ZAgBl-Tl//i(V) = — 2kA,V on I’
i=0

g
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Reduction to a DAE system

Theorem: computing The boundary data u; can be

computed with

The linear maps y;(V) = 0,P u; satisty

with 1 € RM and p € R" solutions to
F G) A [V
G' 0/ \/ 0/

where f, is free.

[ ° l
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Reduction to an ODE system

Recall that we want to solve

l//o(V) — It(AoV ,Z) on | 0>
—dZ = 9(A ) I

— \/ on I,

17 8\ 0

N
ZAgBiTl//i(V) = — 2kA,V onI,.
i=0
Using yi(V) = — B.A yields
N
Z AgBl.TBl-/l = 2KkA,V,
1=0

Agxl = K‘AgV :

With this information we can dispose of the
equations on Fg.

Multiply first line of

(e 2)()=()
G" 0)\#) \0)°
with Ay or A,, use A,A = kA, V and get

Vo
-1
Fo Fu—x7'I AG||2, =[0],
G'A, G'A] 0 |\ 0

With 4, = Apd, 4, = A4, V,, = AV . Thus
and yy(V) 1s replaced with w(V,) =41, .

25
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Reduction to an ODE system

dV
Recall that: I(V, ,z) = C, dtm |

(V,.z7).

Iion

Theorem: the ODE system.

The spatially discretized Cell-by-Cell model is equivalent to the ODE system

dv,,
(V) = Cu— + o (Vo) on Ty,

9z _ v 2 3
— , Z o1l .
d1 Y )
with w(V,) = 4, solution to

26
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—o6,Au; =0 inQ, i=0,..,N, [

Reduction to an ODE system 60 = ,(V D onTyy izl N,
4V —0y0 Uy = — IL(V,, 2), on Iy,

Recall that: I(V, ,z)=C, dtm L. (V,.z). u; — g =V,, onT;, i=1,..,N,
% = g(V . 2), on I,

Theorem: the ODE system. o0, ; Ckw-w, ol 1<jiSN 1

The spatially discretized Cell-by-Cell model is equlvalen o the ODE System .

L™
V,) = Gy 4 1 (V I >
l//( m) T Cm dt 1011( m? Z) o1 0 Qn.;}’ .
dz L
— =g(V,,,z2) on Iy, Q>
dt Q(\/Q Qb‘(})
with w(V,) = 4, solution to o
N
Foo Fo—x'1 AG||4,|=] 0 Qo
G'A] GTA] 0 J\/ 0 Y
QR
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