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Boundary Integral Equations

Let Q ¢ R? a domain and its boundary I' = 0Q | Let u be any solution to

be as one of:

r —Au=0 1n Q.

The Green representation formula gives

u(x) = J G(x, y)dnu(y)dsy
r

—J d,G(x, y)u(y)dsy x € Q,
r

Q
@ with u(y) the Dirichlet and &yu(y) the
Neumann data, and G(x,y) is the

fundamental solution.
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Collocation Boundary Integral Method

Taking the trace yields Discretize I in M points x;
[
u=70ou—(F—>hHu on T (1)
with
7px) = J G(x, y)p(y)ds,, x €T, and impose (2) on x; only
r

Vo,u(x) = (K+>Du(x) Vj
Fpx) = J 0,G(x, y)p(y)ds,, x €l

r We represent u, 0, u with trigonometric
the single and double layer potentials. Lagrangian basis Li(x), with Lj(x;) = 0y
Rearranging (1): M M

0. U = VL., u= w'L.
7ou= (X +%I w, on I'. (2) " ]:21 / J:Zl /
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Collocation Boundary Integral Method

deu(xj) = (A + %I Julx;) Vj Henceforth on the boundary I:
M M
. . u—u ou— P
0, U = Z WL, u= Z L, " °
j=1 j=1 Fun facts:

Matrix formulation . .
® P 1s symmetric,

Vit = (K+5Du, i =P @ .
e Lor and it 1s singular

with

with
PS=V‘1(K+%I) Pe =0, e=(1,....D".
the Poincaré-Steklow operator (or Dirichlet- OQ
to-Neumann map). e For it is invertible due to decaying

conditions, which fix the constant.
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Model reformulation

F3,2 Q3
Consider a problem with N cells €2, 0 Iy Q r,, 9
1= 1,...,N and unbounded extracellular T
. . 2,0 I'so Q, T
matrix €2, with boundary I': +0
_GZAMZ=O, 1I1 Ql i=0,...,N, _GlAul=O, lIl Ql i=O,...,N,
_Glanul — II(VWP Z), Oll FZ,O 1 = 1,...,N, Goanuo — If(V’ Z), oIl Fo,
—000, Uy = — 1 [ d
00 nuo t(Vm’ Z)a oI 0° | —Z — g(V, Z), o1 FO’
U, — =V, onI;, i=1,.,N, dr?
dz 0,0,u; + 0,0,u; = 0, onl;; 0<j<i<N,
d_t — g(Vm, Z)a on FOa U, — uj — V, on Fi,j 0 < ] <i< N,

. dv
with I(V _,2)=C, T L. (V . 2).
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Model discretisation

F F3,2 Q3
Discretize the skeleton I" with M points. @ oo 1 o 20
Every domain’s boundary I'; = 0€2, has M, S 2T
points L2 I'so Q, T
' ’ 4 Lao
Recall: 0 u — Pqu, u— u.
2) 1I1 Ql i=0,...,N, _GlAul=O, lIl Ql i=O,...,N,
GOP&OIIO — II(V’ Z), oI ro, Goanuo — It(V’ Z), onn Fo,
dZ « dZ
— = 9(V, 2), I, — = g(V, 2), on I,
1 g(V,z) onl, 17 g(V,2) 0

Now, we need to define some restriction I' — I'; and extension I'; = I" operators.

!
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(zlobal to local operators

The boolean connectivity matrix A, : RY — RM: maps a global vector on I" to a local vector
on I';. The transpose A, maps local to global.

.00000005000000.. 4 930 A2 o

‘0 Ql .0 Qz . o o /——\‘ ‘0 Qz . o ps o

“.....Q......" " Q4 .. ......... .‘
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(lobal to local operators with sign change

The signed boolean connectivity matrix B, : RY — R maps a global vector on I" to a local
vector on I'.. A sign change occurs if the neighbouring domain has higher index.

P Y, 5, B | Sl —
f o [J o —_— ) o
noooooooooo.." ’.052400..0 o o o o
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Model discretisation

I3, Qj
: .. I ’
We transpose the equations below, living Q . o . o 2,0
on I';; and I'y, to the global domain I bR 2,1 2
L2 'y Q, T
’ 4 1o
9 mn £y =0, N, ooPs oy = I(AyV, Z) e RMo = [,
60PS,OuO — Il‘(V’ Z), o1l ro, dZ
d — = g(AyV, z2) e R = Iy
: d?
E — g(V, Z), on FO’ N
T — M _
o,Pg;+ 0;Pg u; =0, onT;;, 0<j<i<N, 2 c;A; Pgu; =0 cRM =T
=0
0;Ps j; — 0,5 1; = 2KV, onl;; 1<j<i<N, D Blu;=V eRM=T
=0
N
. . . cAB'P.u, = —2kA V e R =T
With A, the operator from I" to the gap junctions. g g ST g g
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Reduction to a DAE system

Goal: dispose of u; variables. Procedure: Find maps

w1, Ve Ul-PSJ-lll-,
GOPS,OX — It(A()V, Z) = RMO — FO

& e sAV.z) eRM=T where u, satisfies
d1 07> 0 N y
Z ATP.u. =0 ZBTu—V
M _ 0;4; S, — Yo ; W= .
ERM =T < o
ceRM =T We obtain the DAE:
wo(V) = L(A)V, 2) on I,
Mg — dZ
S R Fg E — g(A()V, Z) oIl Fo,

ZAgBl-Tl//i(V) = — 2kA,V on I’
i=0

g

11
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Reduction to a DAE system

Theorem: computing y; The boundary data u; can be

computed with

The linear maps y;(V) = 0,P u; satisty

with 1 € RM and p € R" solutions to
F G) A [V
G' 0/ \/ 0/

where f, is free.

[ ° l
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Checking correctness of y(V) = 0,Pg 0; X 6,0,

Consider two harmonic functions uy, u, Given flux and trace, we compute u, u,
satistying flux continuity. inside €2 using the Green representation
formula.

Q u(x) = J G(x, y)0,u(y)ds, —J 0,G(x, y)u(y)ds,
I I

107°}
Define V = u; — u;, we recover the fluxes and 10-10 |
traces as:
® GiPS,i ] — l//l(V)a |—max;—o1 Err LQ(Qi)
10—15 , . | | . —T
10! 102

® U = - Ui_l(P SJ;')_IBi/1 + e # dofs

13
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Checking correctness of y(V) = 0,Pg 0; X 6,0,

Consider three harmonic functions u,, u;, u, Given flux and trace, we compute u,, u;, u,
satisfying flux continuity (u; = u,) inside Q; using the Green representation
formula.

u(x) = J G(x, y)0,u(y)ds, —J 0,G(x, y)u(y)ds,
I I

v 1072F
Define V = u; — u;, we recover the fluxesand | = X T
traces as: 1073 |
| INaX;—=0.12 Err L2 (Qz)
| —O(h)
® 0P, = wiV), - -—-O(h/?)
_ -1 p+y-1B 4 10° 10°
o u;=—o; (Pg)” B+ fe; # dofs
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Reduction to an ODE system

Recall that we want to solve Multiply first line of
w(V) = [(A,V.z)  on T, ( F G) <ﬁ> _ (V) |
dz G' 0/ \V 0
— = g(AyV, z2) on I,
N d1 with Ay or A,, use A4 =kA,V and get
ZgAgBiT%(V) =-2kAV  onT,. Fo o Foo o AG\(1) (v,
. Foo Fo—«1 AG||2,]= [ 0 ]
Using y (V) = — B4 yields GTA]  GTA] o |\z3 0
N
) ABBL=2kAV, With 4,, = Ayd, 4, = A4, V,, = A)V. Thus
1=0
A = KAV . Wo(V) = — Byd = Agd = 4,

With this information we can dispose of the

| and yy(V) 1s replaced with w(V,) =41, .
equations on Fg.

15
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—o6,Au; =0 inQ, i=0,..,N, [

Reduction to an ODE system 60 = ,(V D onTyy izl N,
4V —0y0 Uy = — IL(V,, 2), on Iy,

Recall that: I(V, ,z)=C, dtm L. (V,.z). u; — g =V,, onT;, i=1,..,N,
% = g(V . 2), on I,

Theorem: the ODE system. o0, ; Ckw-w, ol 1<jiSN 1

The spatially discretized Cell-by-Cell model is equlvalen o the ODE System .

L™
V,) = Gy 4 1 (V I >
l//( m) T Cm dt 1011( m? Z) o1 0 Qn.;}’ .
dz L
— =g(V,,,z2) on Iy, Q>
dt Q(\/Q Qb‘(})
with w(V,) = 4, solution to o
N
Foo Fo—x'1 AG||4,|=] 0 Qo
G'A] GTA] 0 J\/ 0 Y
QR
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Numerical experiment

We consider the extracellular matrix and 10 With 1ionic model
cells:

Lo (V) = V(1 = VIV,)(1 = VIV),
without gating variables.

We stimulate the first cell:

And solve
dVv,
w(V,)=C, P L (V, ., Z) on Iy,
dz vV 2) r
— = , Z o1 .
df g m 0

17
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Numerical experiment

1.0e+02
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Spectral Deferred Correction method!

Consider Spectral Deferred Correction (SDC) method:
y'=f),  ¥0)=yp

and an approximation y(f) to the solution y().
Let e Compute approximations y. at c;,

o(t) = y(1) — $(1)

be the error and

e I'ix collocation points ¢y, ..., ¢, In [, 1, + Af],

Then iterate on:

t e Interpolate and form y(¢r) = ) L(?)y,
e(t) = yp + J J((s))ds — y(7)
0

the residual. Then

e Approximate &(¢f) with care,

e Compute §; and correct y; + 6, = V..

o(tp) = o(t;) J J(s) + 0(s)) — f(¥(s))ds

I
+e(t,) — e(ty) .
IDutt, A., Greengard, L., Rokhlin, V. (2000). BIT Numerical Mathematics, 40(2).
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Hybrid Parareal Spectral Deferred Correction

5!{I........................I

l
5}1.9 A;{ I ® [ [ o o [ [ ® I
t, t, + At

Parareal SDC:

2 Minion, M., Williams, S. 2008, 2010. o
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Parareal Spectral Deferred Correction method

6,](7I.......Q...Q.......Q....I

Parareal SDC: !
yi9 A;? I o o o o o o o

[

n

2 Minion, M., Williams, S. 2008, 2010. ”3
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Parareal Spectral Deferred Co===-4%=> method*

7

Parareal SDC:
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The Second Kind Runge-Kutta-Chebyshev m

One step of RKU is given by ® No step size restriction: just increase s.
ko = Yo» ky = ko + pu At fk),
ki=v ki) +K ko + At flki_y), J=2,...,5,
Vi = ks,

with s satistying At p(df/dy) < (2/3)s(s + 2).

e [ully explicit,

® There is a multirate version3 for
V' =1r(y) + f5(y) .

Good for multiscale ionic models or
nonuniform grids, for instance.

s =1 (EE)
s = 10 |
s = 20

-
-

e Works in mixed-precision arithmetic? (also in
multirate). Good for CPU, memory, and
energy savings in HPC computations.

e All flavors are straightforward to implement.

-300 -200 -100 0

3 Abdulle, A., Grote M., Rosilho G. 2022. Math. Comput. (in gress). * Croci M., Rosilho G. 2022. J. Comiut. Phiis. 464.
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The Parareal SDC RKU method

e Fix collocation points ¢y, ...,c, in [t ¢, + At] (Lobatto, Radau,...),

e Compute approximations y. at ¢; with RKU.

Then iterate on:

o Define j(1) = Y L(1)7:

e Approximate £(f) & ) L(t)e(c;). e(c;) computed with Lobatto, Radau,.. quadrature rules.

e Compute §; at ¢y, ..., c, solving the error equation with RKU

_ o 8
h=0 g Lhs VP rgdAII @) s
di=v,d_|+K d_,+pudt (AV "' +d_)—fGF ) +e —ve/™ —ke/,
6.1 =d, e(ty) — (1)) .

\)

27

G. Rosilho de Souza



Numerical Experiment

Consider Q = [0,5]cm, T = 480ms and ® Discretize with finite differences,
ou = vAu — I, (u, z) + 1(1), in €2 X [0,7] ® Solve with Parareal SDC using EE, RKU,
7' = g(u, z), in €2 x [0,7T] and mRKU.

With periodic boundary conditions on u,

v =107, I. g an ionic model and z its state

variables. \

0.5,

400
200

We use 160 X 3ms subintervals (cores)

@ 6 Lobatto collocation nodes on coarse grid,

e 40 Lobatto collocation nodes on fine grid.

600
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Numerical Experiment @ I

10-2 f. eval. VS Error 10-2 Iterations VS Error
—+—PararealSDC RKU —+—PararealSDC RKU
104 ——Parareal SDC EE 104 ——PararealSDC EE
6 6
§ 10 § 10
— —
Q Q
<~ 1078 < 108
10_12 . . | . ‘ 10—1‘2 : . . .
0 500 1000 1500 2000 2500 3000 1 1.5 2 2.5 3 3.9 4
f eval. [terations
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Numerical Experiment

10-2 f. eval. VS Error Costs per iter per time slice [7,t, + Af]
- PararealSDC RKU
10~ ——PararealSDC EE On coarse grid o o o o
= 10° Cost EE: ~ 305
3
~' 1078 Cost RKU: ~ 97
lO_mé- On ﬁne grid .......
1012 ' . ' , | L
0 500 1000 1500 2000 2500 3000 Cost EE: =~ 327

f eval.

Cost RKU: =~ 190
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Multirate RKU method

Consider The averaged force is defined as
Y =)+, v0) =y, 1) = = (un) = y)

with fr stiff but cheap and f; mildly stiff but | With auxiliary solution u given by
exXpensive.

W = ) + 500, u(©) =y.
For RKU, the number of costly f; evaluations

is dictated by a few stiff terms in f;. The multirate RKU method 1s given by:
We solve the modified problem e Integrate y, =/ (y,) with a RKU method.
Yy =Sy (V) y(0) =y, e To evaluate f, solve u’ = fp(u) + fs(y) with

another RKU method.
With # > 0 a parameter used to tune the

stifiness. For n = O(p¢ 1y and the stiffness of I
IS same as f.

31
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Numerical Experiment

fu,z) = (”A” = liy(11, 2) +1S(f)) F(i.2) = (UAM) F,2) = (—Ii(m(u, 2) +Is(t)>
g(u9 Z) 0 g(u, Z)

Iterations VS Error

{5 error

—o—PararealSDC RKU
- PararealSDC mRKU

10_”’E ' ' | ' '
1 1.5 2 2.5 3 3.9 4
Iterations
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Numerical Experiment @ I

fr. eval. VS Error fq. eval. VS Error

10—2§ 10—25
104} 104}
— —
Q : o :
= o < O
53 10—() 23 10—()
@ [ @ [
10—8é : 10—8;
| —o—PararealSDC RKU 5 | —a—Parareal SDC RKU
| ——PararealSDC mRKU ——PararealSDC mRKU
10-10 | . ' . . ' 10-10 | ' ' ' ' ' ”
200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
fr eval. fs eval.

33

G. Rosilho de Souza



Numerical Experiment

Costs per iter per time slice

F. Eval. EE RKU mRKU
s 632 287 122
Ir 632 287 287

Very preliminary results!!!
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Numerical Experiment

Some Bad News... @2

f. eval. VS Error

102
10—+
—o—PararealSDC RKU
_-i ° ° ° {?
10~ - PararealSDC EE M [0 o

¢ error
-
-
3
4™

Roundofif errors?

;
:
F
[
[
10 3
3
3
:
:
:
[
[

1012 . ' . 1 . .
0 1000 2000 3000 4000 5000 6000

f eval.
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