Boundary Integral Discretization of the Cell-by-Cell

Bidomain Model of Cardiac Electrophysiology

Giacomo Rosilho de Souza, Simone Pezzuto, Rolf Krause
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@ Microcard Project and Cell-to-Cell model,
@ Crash course on Boundary Element Method,
® Reduction of Cell-to-Cell model to system of ODEs,

e Numerical experiment.
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Bidomain and Cell-by-Cell Models

In the mono and bidomain models for cardiac | This is insuthicient to simulate abnormal
electrophysiology, every mesh element tissues:
contains hundreds of physical cells:
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The Microcard Project

“MICROCARD 1is a FEuropean research

project to build software that can simulate
cardiac electrophysiology wusing whole-heart
models with sub-cellular resolution, on
future exascale supercomputers.”
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To do so, we solve the cell-by-cell model

—o0;Au; = 0, m € i=0,..,N,
—o0u, = I1(V ,2), onl;, i=1,..,N,
—o0y0,uy = — L(V,,2), on I,
u,—uyg=1V,, onl;, i=1,..,N,
dz
T g(V.,2), on I,
—0,0,u; = K(u; — uy), onl;;, 1<j,i<N,
With I(V,,,z) = C, dthm -1 (V. 2)




Boundary Integral Equations

Let Q € R a domain and its boundary Let u be any solution to

I' = 0Q2 be as one of:

r —Au=0 1n Q.

The Green representation formula gives

u(x) = J G(x, y)&nu(y)dsy
r

—J d,G(x, y)u(y)dsy x € Q,
r

Q
@ with u(y) the Dirichlet and ayu(y) the
Neumann data, and G(x,y) is the

fundamental solution.




Collocation Boundary Integral Method

Taking the trace yields Discretize 1" in M points x;
u="709u— (%—%I)u on I' (1) .
with
P p(x) = J Gx. y)p(y)ds.. rerl. and impose (2) on x; only
g 7 0,u(x;) = (Z+ %I Julx;) Vj.
T p(x) = J 0,G(x, y)p(y)ds,, xel
T We represent u, 0, u with trigonometric
the single and double layer potentials. Lagrangian basis Lj(x)v with Lj(xk) — 5jk3
Rearranging (1): M M
0. U = VL., u= w'L.
7 0,u = (%+%I)u, on I'. (2) ! ]221 J le J




Collocation Boundary Integral Method

deu(xj) = (A + %I Julx;) Vj Henceforth on the boundary I
A M u— u 0u— P

0, U = Z WL, u= Z L, " °
J=1 j=1 Fun facts:

Matrix formulation . .
® P 1S symmetric,

Vi = (K+5Du, i =P @
e Lor and it 1s singular

with with
P, = V‘I(K+%I) Pe =0, e=(1,....1)".
the Poincaré-Steklow operator (or Dirichlet- OQ
to-Neumann map). e For it is invertible due to decaying

conditions, which fix the constant.




The Cell-by-Cell model: reformulation @ Iﬁ;:r:::
T I_13,2 Q3 1—13,0

Consider a problem with N cells Q; / / 20

. & QO Fl 0 Q F Q
1 =1,...,N and unbounded extracellular { ’ I / 2.1 2
matrix €2, with boundary I': o 1,0 4 Ty

—GZAMZ=O, 1I1 Ql i=O,...,N, _GlAule’ 1I1 Ql i=0,...,N,
—o,0.u; = I(V,,2), onl,, i=1,.,N, 60, Uy = 1(V, 2), on I,
_ — d

O00utty =~ 1V 2). - on L, — =gV,  onl,

U, — =V, onl;y i=1,.,N, d?

d_t:g(Vm,Z), onFO, ui_uj=V9 Onri,j OS]<ZSN,
_Uianui — K(ui — uj), on Fi,j 1 < j,i <N, Gjanuj — Gianui = 2KV, on Fi,j 1 < ] <1<N,
. dV

with I(V ,2)=C, dtm -1 (V. 2).




The Cell-by-Cell model: discretization

I
Discretize the skeleton I" with M points. Q, / / 20
Every domain’s boundary I'; = 0€2. has M, ( ’ / 2.1
I

1 2,0
points. N\ 1;4’2 Ty

Recall: 0 u — Pqu, u — u.

@ 1I1 Ql i=0,...,N, _GlAule’ lIl Ql i=0,...,N,
ooPs o0y = I(V, 2), on I, 60, Uy = 1(V, 2), on I,
dz « dz
— = 9(V,2), I, — = g(V, 2), on I,
1 g(V,z) only 47 8V, 2) 0

Now, we need to define some restriction I' = I'; and extension I'; = I" operators.




(Global to local operators

The boolean connectivity matrix A; : R¥ — R maps a global vector on I' to a local vector
on I'.. The transpose A' maps local to global.

s,
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Global to local operators with sign change

The signed boolean connectivity matrix B, : RY — R maps a global vector on I" to a local

vector on I'.. A sign change occurs if the neighbouring domain has higher index.

£

B, 0 - 0
— )
e O
B,
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The Cell-by-Cell model: discretization

We transpose the equations below, living @ g
1,0 1

/ﬁ_ 55

15

I';; and Iy, to the global domain I / /-
’ I

% m Q. 1=0,..,N,
ooPs oy = 1(V, 2), on I,
dz
Frin g(V,z), on I,
o,Pgu; + o;Pg u; =0, onl;; 0<j<i<N,
u—-u =1V, onl;; 0<j<i<N,
o;Pg u; — 0,Pg 1, = 2kV, onl,; 1<j<i<N,

With A, the operator from I" to the gap junctions.
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GOP S,OuO — It(A()V, Z)

dz AV.2)
—_— ,Z
17 g\

N
2 GATPS =0
=0
N

N

ERM():FO

ERM():FO

eRM =T




Reduction to a DAE system

GOP S,Ollo — II(AOV’ Z)

dz (AV.2)
_— — , y/
47 s\
N
Z GiAiTP s W =
=0
N
Z Blw,=V
=0
N

1=0

eRM =T

ceRM =T

Goal: Find maps

w1, Ve al-PS,iul-,
where u; satisfies
N N
i=0 i=0

We obtain the DAE:
wo(V) = 1(A)V, 2) on I,

dz A )
— = V,z on [,
17 8\ 0

ZAgBiTV/i(V) = — 2kA,V on I’
i=0

g
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Reduction to a DAE system

Theorem: computing .. The boundary data u; can be
computed with

The linear maps y;(V) = 0,P u; satisty

with 1 € RM and 8 € R" solutions to
F G\ [(4\ (V
G' 0)\/ 0/

where f, is free.

+aee', e=(1,...D'eRM a>0.
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Checking correctness of y;(V) = 0,P¢ u; ~ 0,0,u

Consider two harmonic functions u, u, Given flux and trace, we compute u, u,
satistying flux continuity. inside €2, using the Green representation
formula.

Q, u(x) = [ G(x, y)&nu(y)dsy — [ d,G(x, y)u(y)dsy
r r

107 |

Define V = u; — u;, we recover the fluxes and L0-10]

traces as:

® GIPS,Z l — l/jl(V)7 5' —maX;—0.1 Err LZ(QZ)
101 -

_ _ 1 p+\-I 10° 10°
& U, = —0; (PS,i) Bi/1 T ﬁiez“ # dofs

15




Checking correctness of y;(V) = 0,P¢ u; ~ 0,0,u

Consider three harmonic functions uy, u;, u, Given flux and trace, we compute u, u;, u,
satisfying flux continuity (u; = u,) inside €2, using the Green representation
formula.

u(x) = [ G(x, y)0,u(y)ds, —[ 0,G(x, y)u(y)ds,
I I

v 1072
Define V = u; — u;, we recover the fluxesand | = X T
traces as: 1079 |
[T INnaxX;—0,1,2 Err L2 (Qz)
| —O(h)
® 0,Pg ;= wiV), - -—-O(h!/?)

_ ~1/p+\—1 10° 103
& U, = —0; (PS,i) Bi/1 T ﬁiez“ # dofs
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Reduction to an ODE system

Recall that we want to solve
wo(V) = L(A)V, Z) on I,

4z _ AV, 2) r
— = Z on I,
17 8\ 0

N
ZAgBiTl//i(V) = — 2kA,V onI,.
i=0
Using yi(V) = — B.A yields
N
Z AgBl.TBl-/l = 2KkA,V,
1=0

Agxl = K‘AgV :

With this information we can dispose of the
equations on Fg.

17

Multiply first line of

(e 2)()=()

G" o/ \f) \o)

with Ay or A,, use A,A = kA, V and get
Fyo Foo  AG)(4) (v
Foo F,—x7'I AG||4,]|= [ 0 ]
G'A, G'A] 0 |\ 0

With 4, = Apl, 4, = A4, V,, = AyV. Thus

and yy(V) 1s replaced with w(V,) =41, .




inQ i=0,..,

o1 FZ,O l= 1,...,N, M
dV on Fo,
Recall that: It(Vm’ Z) — Cm d — (Vma Z) Ui — Uy = Vm9 Ol 1_‘i,O I = 19---9N,
t |

Reduction to an ODE system

lOIl

— =gV, ,2), on 'y,
Theorem: the ODE system. *

—Gdu—lc(u—u) onF 1§j,i§N,

The spatially discretized Cell-by-Cell model is equivalen 0 the ODE system o
dVv, Q”
w(V,) =C, d+ + Lion(V - 2) on I, Q%q*’ .
dz éw
— = g(V, .z) on Iy, . &
[ Q‘\/” Qb‘(\)
with y(V,) = 4, solution to o
QY
FOO Fog AoG ﬂm V Q‘\/”

18




Numerical experiment

We consider the extracellular matrix and 10 With 1onic model

cells:
L..(V)=nV(1-=VIV)(1-V/ Vp),

without gating variables.

We stimulate the first cell:

And solve
dVv,
W(V,) = Gy + Ly(V,pz)  on T,
dz

—_— V,Z onli,.

19




Numerical experiment




Universita
della
Svizzera
italiana

B

Thank you!

e G. Rosilho de Souza, S. Pezzuto, R. Krause. Boundary Integral Formulation of the microscopic bidomain
model of cardiac electrophysiology, Manuscript, 2022.
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