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Problem statement

Multirate equation

Solve the dissipative system Term ‘ Stiff ‘ Cost 7
Y =fr(y) + (), >0, JF SGff | cheap

(0) = fs not stiff | expensive

’ . fr+fs | stiff expensive

Examples:

® chemical systems with many slow reactions and a few fast

reactions,

® highly integrated electrical circuits with latent and active

components,

® parabolic problems on locally refined meshes,
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Parabolic problem on locally refined mesh

Solve
Oou—Au+3-Vu+ pu=0.

Space discretization gives:

O\ _ [ Apuy n B - Vi + puy,
Oruy 0 Apup + B - Vyug + pug
——

Fast Slow
Im(\)
Re(\) Jr
Im(\)
Re(\) Is]

Figure. Spectrum of Ay and Ay.
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Problem statement

Multirate equation

Solve the dissipative system Term ‘ Stiff 2 ‘ Cost ?
Y =fr(y) +fs(y), >0, JF stiff cheap
fs not stiff | expensive
0) =yo.
(0= Jr+fs | stiff expensive

Integration with schemes for y’ = f(y):
liei hod

stabilized/implicit methods very expensive

\ﬁ many function evaluations —J
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Problem statement

Multirate equation

Solve the dissipative system Term | Stiff 2 | Cost ?
Y =fr(y) +fs(y), >0, JF stiff cheap
fs not stiff | expensive
0) =yo.
(0= Jr+fs | stiff expensive

Integration with schemes for y’ = f(y):

Use multirate schemes!
Exploit special structure fr + fs
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Literature review

Most of existing multirate methods

® have a spectrum clustering assumption, that is a clear partition
between fast and slow variables (E, 2003),

=fig
fs{ fs{

® coupling of fast and slow variables done by interpolation or
extrapolation = prone to instabilities and/or reduction of
stability domain (Gear and Wells, 1984),

® when stable require solution of large and complex non linear
systems (Ewing et al., 1990).
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New explicit stabilized multirate method

Multirate RKC? method (Abdulle, Grote and Rosilho, 2019):

® no assumption on spectrum clustering,

A

® 1o interpolations,

= fully explicit,

® proven to be stable on a large region close to the negative real
axis.
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Modified multirate equation

Shrink spectrum of fr and integrate the modified system.

Original equation Modified equation

Y =10) =fr(y) +fs()- Yy =folyn) withn >0.
Spectral properties: For n = 0 it holds f;, = f hence:
1’ fr + ; fr 1+
—fs| = fs1 =
1 f In
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Modified multirate equation

Shrink spectrum of fr and integrate the modified system.

Original equation Modified equation

Y =10) =fr(y) +fs()- Yy =fo(yn) withn = 0.
Spectral properties: Forn > Othenf, =f + O (n)
( fr + fr +
— | = ] =
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Modified multirate equation

Shrink spectrum of fr and integrate the modified system.

Original equation Modified equation

Y =10) =fr(y) +fs()- Yy =folyn) withn >0.
Spectral properties: Forn > O thenf, =f + O (n)
( Nia + ]+
— | = ] =

1 f o
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Motivating the definition of f,

Properties of f,

" fo=f+0(), " o, L p.
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Motivating the definition of f,.

" f=f+0(n), @ ", L p.

Towards the definition of f,

Let ugp € R" and u : [0, 1] — R” such that

u(0) = up, and u is smooth.

Let
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Motivating the definition of f,.

= fa=f+0M), @ "oy L p. @

Towards the definition of f,

Let ugp € R" and u : [0, 1] — R” such that

and u' =f(u).

u(0) = u,

Let
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Motivating the definition of f,.

Properties of f,
= fa=f+0M), @ "oy L p. @

Towards the definition of f,

Let ugp € R" and u : [0, 1] — R” such that

u(0) = u, and

Let
foluo) = = [ u(s)) a5 = L (u(m) - ).
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Definition of f,

= fa=f+0M), @ "oy L p. @

Definition of f,,
Let ugp € R" and u : [0, 1] — R” such that

u(0) = uo, and u' = fr(u) + fs(uo).

Let

/ A ) = 37< () — uo).

Advantages:
® Computations are cheap since the expensive term fs is frozen.

® Stiffness is reduced since fr is not frozen.

Multirate explicit stabilized integrators for stiff differential equations

G. Rosilho de Souza



Stability analysis

Let the multirate Dahlquist equation be defined by

V=) +s0) = v+, AELO.

Then v’ = fr(u) + fs(uo) = \u + Eup and it holds

Foltto) = (A A + O, with so(z)zezz_l.

Goal: Choose 7 such that spectrum of f;, is similar to the one of fs.
Hence, we want [p(nA) (A + &)| < [¢].

Lemma
It holds |p(nA) (A + &)| < || for all X < 0 if and only if n > 2/[¢|.

Hence, for > 2/|¢| the stiffness of f;, depends only on f!
Observe that 17 depends only on .
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Modified multirate equation

Modified multirate equation

Solve
)’;7 an()’n)a t>0, yn(O) =Yo
with
1
Jo(uo) = E(M(n) — u),
where u is defined by

u' = fr(u) + fs(uo), t €10, 7], u(0) = uy, n=2/ps

and pg is the spectral radius of the Jacobian of fs.
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Modified multirate equation

Modified multirate equation

Solve
Yoy =Fa0m)s 1 >0,  y,(0) = yo
with Integrated numerically = different stability properties
Folu) = ~(ulo) = ),

wherg u is defined by

ju/ :fF(u) +fS(u0)7:‘t 6]0777]7 u(O) = Uo, @j‘g

and pg is the spectral radius of the Jacobian of fs.
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Runge—Kutta—Chebyshev schemes
Explicit stabilized schemes have a stability region that grows

quadratically with the number of stages.

Explicit Euler Runge—Kutta—Chebyshev (RKC)
® Applied to y/ = Ay gives
yi = Ry(TA)yo with

" R(z2) =142+ 71, a7,
® |Ry(z)| < 1forz € [-25%,0].

® Applied to y/ = \y gives
y1 = R(7A)yo with

®R(z)=1+z

" |R(z)| < 1forze [-2,0].
Stability domain for s = 10, s = 5.

Stability domain explicit Euler.
C_q10

= ®
>0»—E< Cv\A/ OHE
-10

-100

Re(z)
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Runge—Kutta—Chebyshev schemes

The stability polynomial Ry(z) is a shifted Chebyshev polynomial of
the first kind of degree s. It satisfies a recurrence relation

Bky=1, ki =1+ puz
" ki = viki_1 + Kjkj—o + pjzkj—y forj =2, ...;s,
B Ri(z) = ks.

From which follows the RKC scheme.

RKC scheme for y' = f(y)

B Jet7 > 0 be the time step and p spectral radius of 9f /Jy.
B [ets € Nsuchthat 7p < 252, (stability condition)

® ko =Yyo, ki =ko+uf(ko),

" ki = vjki—1 + Kjkj—o + pitf(ki—) forj =2,...,s,

"y =k
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Modified multirate equation

Modified multirate equation

Solve
y;7 = fn(rn), t >0, yn(0) = o
with
1
fn(uo) = 5(”(77) —up),
where u is defined by

u' = fr(u) + fs(uo), t €10,n],  u(0) =uo, 0 =2/ps

and pg is the spectral radius of the Jacobian of fs.
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Multirate RKC? scheme

Multirate RKC? scheme

Let 7 > 0 be the time step, integrate

y',q :fn(yn)a > Oa yn(o) = yO’

using an RKC scheme with m stages, where 7, < 2m?.
The right hand side ]_‘n is defined by

fn(uo) = %(”77] _ uO)’

where 1, is an approximation of (1), solution of

o = fel) + o)y 1 €0, u(®) =m0, m= 2,

obtained by one step of RKC with s stages, where npp < 2s°.
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Stability analysis of numerical f,

We apply the scheme to the multi rate Dahlquist equation

Y =fr(y) +fs(y) = Ay + &y

Hence u' = \u + Eugp and s € N is chosen such that n|\| < 2s. We
obtain (shown by recursion)

ity = (Rs(nA) + @5(nA)n&)uo,
with
Dy(z) = >4y BrUk(wo + wiz)

where Uy (z) is a Chebyshev polynomial of the second kind of degree
k and [y, wp, w; are parameters of the scheme. Then,

7. (u0)= }7<un —up) = }7<RS<nA> + By (A€ — g
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Stability analysis of numerical f,

We apply the scheme to the multi rate Dahlquist equation

Y =fr(y) +fs(y) = Ay + &y

Hence u' = \u + Eugp and s € N is chosen such that n|\| < 2s. We
obtain (shown by recursion)

iy = (Rs(n\) + @5(nA\)né)uo,
with
Dy(z) = >4y BrUk(wo + wiz)

where Uy (z) is a Chebyshev polynomial of the second kind of degree
k and [y, wp, w; are parameters of the scheme. Then,

7. (0)= (i — up) = %(Rsom + By (A€ — g

Ta(uo)= @A) (A + §uo

|-
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Stability analysis of numerical f,

L p——— ]
It holds ®4(0) = 1 and for z < 0 —w— Dg(z)
Ry(z) — 1 e — 1
cbs(Z) = ST #9(1) — _ 0 ﬁ—-‘-’J
~ \ \
—200 —100 0
Which leads to

Fyluo) = @A) (X + Euo 1, (110) = (1) (A + E)uo

Goal: as before, we want the spectrum off77 to be similar to the one
of fs. Hence, we want |®3(nA) (A + &)| < [€].

Lemma

It holds |®s(n\) (A + &)| < [€] for n\ € [—2s%,0] if and only if
n>6/||. (we hadn > 2/|&|)
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Multirate RKC? scheme

Multirate RKC? scheme

Let 7 > 0 be the time step, integrate

y;7 :fn(yﬁ)a > 07 yT](O) =Yo

using an RKC scheme with m stages, where Tpg < 2m?.
The right hand side f,, is defined by

fn(uo) = %}(ﬁﬁ o uO):
where 1, is an approximation of (1), solution of
u :fF(M) +fS(u0)7 ! 6]0777] ”(0) =u, 1= 6//)5,

obtained by one step of RKC with s stages, where npp < 2s°.

Theorem

The multirate RKC? scheme has first order of accuracy and is stable.
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Numerical experiment

Solve

Ou—Au=f in Q5 x [0, 7],
Vu-n=0 in 0Qs x [0, T,
u=20 in Q5 x {0},
® first order DG in space,

® RKC? and RKC in time.

We let 6 — 0 and compare the performance

of RKC? against the one of standard RKC. ‘
S

Oy \ _ [ Apup " Jn 5= 1“/128
8[1/[[-[ O A['IMI{ +fH

Fast Slow
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Numerical experiment

T
fF{ 5_>0 fF |

e ——
fS{ fs{
=N XN T = 213 = T T =
El s 2 ~6— Cost RKC?
T s | T | E 5|~ CostRKC |
3 3
& 22 L = -1 L 4
24 2—10 2-16 0—4 7-10 7—16
0 5
= T T i
g —s— Relative error o 60 Speed up
S 107 ) Z 401 y
o 9]
G g 20 1
= »
= 1074 L ! ! i 1L ety Sl 1
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Natural directions to follow:

® When fr(y) = Ay, replace “inner” RKC scheme by exponential
Euler.

® Gives same stability as continuous modified equation,

® computation of e is faster than ¢™ since nn < 7.
® Generalize to
dX (1) =fr(X(r)) dr + f5(X dr+Zgr W, (1)

replacing by
dX,, (1) =f,(X(r))dr + 777
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