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A priori analysis

Semi linear problem:

Find u € H(Q) such that

a(u,v) := /QA(u)Vu Vv ={f,v)g-1,m1 Vv € Hi(Q),

with @ C R, A(u) symmetric and positive, f € H~1(Q).

Richard’s equation, with f = 0 and A(u) discontinuous in space.
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(a) Solution. (b) Norm of gradient.
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Classical approach

(a) Mesh Ts. (b) Solution wa.

Figure: Classical scheme
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Local scheme

(a) First mesh 7;. (b) First sol. u;.

(¢) Second mesh Ts. (d) Correction is. (e) Second sol. us.

Figure: Two iterations of the Local Scheme.
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Differences and related works

Classical scheme:

B solves one non linear system on a refined mesh,

B 1o artificial boundary conditions error.
Local scheme:

B solves a sequence of smaller non linear systems: first on a

coarse mesh, then on locally refined meshes,

B most of Newton iterations occur at coarse levels,

B artificial boundary conditions introduce additional error.
Related works: Methods iteratively solving a coarse full problem
and a local fine problem. In finite differences framework under

strong assumptions. See [BRANDT, '77], [HACKBUSCH, ’84],
[McCoORMICK, THOMAS, 86].
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Local scheme

Let Q1 =Q, and Q C Q2 for k = 2, ..., M subdomains. Let
{Ti}M | meshes on 2 and Vj, discontinuous finite element spaces

Vi i={v e L*(Q) : v|p € PYT)VT € T;,}

such that V4, C Vo C ... C V.
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Let ay : Vi X Vi — R be the discrete version of a(u,v).

Local Scheme
Set ug =0, for k =1, ..., M find uy € Vi with supp(dg) C Q

ag (g, vi) = (f,vr)q, VYur € Vi with supp(vg) C Q
ﬂk| N Uk—1 on 8Qk

Set U = Uk_lxg\gk + ﬂk.

e T

) First sol. . ) Correction . (c) Second sol. us.
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Convergence: Semi linear and linear case

Theorem [ABDULLE, ROSILHO, ’18]: A priori convergence

Let u € H}(Q2) be the exact solution, then for k = 1,..., M
hlligo |Vu — VUkHLZ(Q)d + ‘uk‘J(Q) =0.
If u € H*(Q) N HY(Q), f € L*(Q) and A is linear, then

“ C
IVu = Vg 20, + [ukl s, < Chi + ﬁ—llvk — up—1ll 290,
k

with vy, € V}, any approximation of u and fy, the local mesh size.
For k=2

||Vu = VUQ”LQ(QQ)d T |u2|J(Q2) < Cilg aF C}Al?/z log(l/ill).
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Numerical example: Stationary Richards equation

Given a sequence of subdomains {Q}+_, and meshes {7} }}_,
we compare the cost of the Classical the Local schemes.

Classical solution wy

Cost of wy, is the solution of

5 —— Classical sol. wy.

2 30|-a-Local sol. . 1
a(wg,vg) = (f,oe)o Yo € Vi g

%
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Local solution uy 2

= 10+ e
Cost of uy, is the solution of z

| |
aj(tj,v5) = (f,vj)e, Vv; €V 04 03 02 01

Energy error in €2

supp(v;) C Q;

for j=1,.., k.
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A posteriori analysis

® [n practical cases it is not known a priori where the mesh
has to be refined.

® We develop a posteriori error estimators which are used to
define the local domains €2y,.

Model Problem:
Find u € H}(Q) such that

/AVu-Vv+ﬂ-Vuv+ﬂuv:(f,v)Q VUGH&(Q)a
Q

with ©Q C R¢, A symmetric and positive, 3 velocity field, p
reaction and f € L?(1Q).
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Diffusive Flux Reconstruction

A posteriori error estimators based on fluxes t, ~ —AVuy
locally in Hgjy, with jumps at the interface between sub
domains.

® Start with g = 0, to € L?(Q)?. For each k:

B Given current local solution 4y, compute local flux
t, ~ —AVuy with t;, € Hdiv(Qlc)-
® Update t = tk,1XQ\Qk + ik ¢ Hdiv(Q)-

Similar for a convection reconstruction q; ~ Buy.
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Conservation property

Lemma [ABDULLE, ROSILHO, ’18]: Local conservation property

Let ug € Vi, be defined by the local algorithm and
tr, qr € L?()? the reconstructed fluxes. For all K € 7y, it holds

Vot +V-qp+m(pn—V-Buy =7 f,

with 7, orthogonal projector on K of order 4.
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Theorem [ABDULLE, ROSILHO, ’18]: Energy norm error bound

Let u € H}(2) be the exact solution, uy € Vj discrete solution,
then

|AY2(Vu — Vug) || 2(0ye
1/2

+ (= V-8 2w —w)ll2y < | D nk
KeT;

with

nk = residual |[f =V -t —V-qr, — (p— V- B)ug| in K
+ errors of approximations ty ~ —AVu; and g ~ Buy
+ jumps of ug on K
+ jumps of ¢ - ng on 0K
=+ jumps of g - nx on 0K.
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Numerical example: Singularly perturbed problem

Problem

Solve —eAu+B-Vu+puu = fin Q = [0, 1]?,
with e =107°%, 8= —(1,1)T, p= 2.

We solve the problem with the Classical and Local scheme and
compare accuracy, costs, error estimators.

Local solution uy

Classical solution wy,

Cost of uy is the solution of
Cost of wy, is the solution of

a;(ti,v;) = (f,vj)q. Yv; €V;
aj(wj,v;) = (f,vj)a Yv; €V (g, v5) = (f J)Qj J J
supp(vj) C

for j=1,.... k.
forj=1,..., k.
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Figure: Estimator n versus cost and its effectivity index.
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(a) Energy error versus (b) Speed up in function of the
GMRES cost. error

Figure: Error versus cost and speed up in function of the error.
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Thanks for your attention!
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